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In the large N c limit, gauge theories with different gauge groups and matter content sometimes 
turn out to be 'large N c equivalent', in the sense of having a set of coincident correlation functions. 
Large N c equivalence has mainly been explored in the glueball and meson sectors. However, a recent 
proposal to dodge the fermion sign problem of QCD with a quark-number chemical potential using 
large N c equivalence motivates investigating the applicability of large N c equivalence to correlation 
functions involving baryon operators. Here we present evidence that large N c equivalence extends 
to the baryon sector, under the same type of symmetry-realization assumptions as in the meson 
sector, by adapting the classic Witten analysis of large JV C baryons. 



I. INTRODUCTION 

Large N c limits of gauge theories [TJ [5] have many re- 
markable and beautiful properties. A particularly strik- 
ing property of some large N c gauge theories is the ex- 
istence of large N c orbifold equivalence [SHS], which im- 
plies that gauge theories with different matter content 
and gauge groups can have a subset of coincident cor- 
relation function^ Such equivalences can be useful if 
one of the equivalent theories is more tractable than an- 
other, as in the well-known case of the 'orientifold equiv- 
alence' discussed in [E1IH]- To date, explorations of large 
N c equivalences have focused on correlation functions in- 
volving glueball and meson operators, which couple to 
states that remain light in the large N c limil[^] In this 
paper we discuss the extension of large N c equivalence to 
baryons, in the context of a particular topical example. 

The motivation for exploring the applicability of large 
N c equivalences to baryons is a recent proposal that a 
large N c equivalence might be useful for studying QCD 
at finite density [11], by providing a way to dodge the 
so-called sign problem of lattice QCD. The sign prob- 
lem refers to the issue that when a chemical poten- 
tial for quark number fiip^tp is turned on, the fermion 
determinant of SU(N C ) QCD becomes complex. This 
makes Monte Carlo evaluation of the path integral of 
QCD impossible, because Monte Carlo methods rely 
on using importance sampling with Z^ 1 dct(lp + m q + 
HJ ) exp(— Sym) as a probability distribution, where 
Sym is the glue action, and Z is the partition func- 
tion, and a probability distribution must be positive. The 
sign problem has been notoriously intractable for N c = 3 
QCD, prompting attempts to find other, related, theories 
where one may be able to make some progress. With this 
motivation, [TT] proposed an approach to dodge the sign 
problem of QCD by studying an orbifold-equivalent the- 
ory, with the QCD gauge group SU (N c ) replaced by the 
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1 in the pure gauge case such relationships were discovered very 
early on|7]. 

2 For an exception, see e.g. |10| . 



gauge group SO(2N c ), which has been further explored 
in [T^HT5] . In these works, the focus was on correlation 
functions involving meson and glueball operators. How- 
ever, especially given the motivations of this proposal in 
the physics of baryons at finite density, it is natural to ask 
whether this large N c equivalence applies to correlation 
functions of baryons as well. 

To see why the baryon case is subtle, we first briefly 
summarize how the orbifold equivalence works for me- 
son correlation functions. The equivalence is supposed to 
hold in the the 't Hooft large N c limit, where one takes 
N c —> oo with the 't Hooft coupling A = N c g YM and Nt 
held fixed. If m(x) is a meson operator at position x to 
which equivalence applies (a 'common-sector' operator), 
then at large N c we expect an equivalence of (connected) 
correlators of m(x) between SU(N C ) gauge theory with 
't Hooft coupling A and SO(2N c ) gauge theory with 't 
Hooft coupling 2A, 

(m(xi)...m(x n ))so(2N c ),2X = 2(™{x 1 )...m(x n )) S u(N c ),\ 

(1) 

This relation implies (for instance) that the masses of 
the lightest mesons m coupling to m(x) will agree in the 
two theories, since the masses can be read off from the 
large-time t behavior of the two-point correlation func- 
tion ~ e~ m * after Wick rotation to Euclidean space. 
However the orbifold equivalence relates gauge theories 
with different numbers of colors, and so baryons in the 
two theories will be constructed from a different number 
of quarks. Since baryon masses depend non-trivially on 
the number of colors in the large N c limit, baryon masses 
cannot coincide in the two theories. Hence we should not 
expect a relation of the form ([!]) to apply in the bary- 
onic sector. It is therefore clear that a direct use of this 
orbifold equivalence, which relates theories with different 
number of colors, will not be appropriate for extending 
the large N c equivalence to baryons. 

Fortunately, this observation does not necessarily im- 
ply that large N c equivalence gives no relationship be- 
tween baryon correlation functions, because there is a 
natural way to deal with the problem we described above. 
In the large N c limit the dependence of meson correla- 
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tion functions on N c is just a simple scaling. There- 
fore the above orbifold equivalence can easily be rein- 
terpreted as defining an equivalence of neutral mesons 
between SU(N C ) and SO(N c ) gauge theory. This pro- 
vides a more natural starting point for discussing the 
extension of large N c equivalence to baryons. Although 
we can no longer directly use the technique of orbifold 
projections, the equivalence of neutral sector operators 
can be seen simply in perturbation theory. Furthermore, 
such an approach is equally valid for identifying large N c 
equivalences between baryons. Hence our approach in 
most of this paper is to give up the elegance of working 
directly with the formal language of orbifold projections 
and instead to explore the large N c equivalence between 
SO(N c ) and SU(N C ) gauge theories directly. 

The organization of this paper is as follows. First, we 
briefly review the large N c orbifold equivalence between 
SO(2N c ) and SU(N C ) gauge theories in Sections |ll| and 
explain the difficulties in using it to discuss baryons in 
more detail. In Section HI A we reformulate the proof 



of large N c equivalence for meson correlation functions 
in theories with the same number of colors directly in 
terms of Feynman diagrams. We then show how this ar- 
gument allows us to generalise large iV c equivalence, at 
least in perturbation theory, to baryons in Sections |III B| 
and |III Cj In particular we show that the masses of 'com- 
mon' baryons should agree at leading order in N c . To get 
some insight into the non-perturbative conditions for the 
validity of the large N c equivalence, in Section [TV| we dis- 
cuss 2D QCD with gauge groups SO(N c ) and SU(N C ), 
where one can go beyond perturbation theory and work 
directly with the full path integral. Finally, in Section |V| 
we summarize our findings and sketch some possible di- 
rections for future work. 



II. ORBIFOLD PROJECTIONS 

In this section we briefly review the orbifold projec- 
tion that connects SO(2N c ) gauge theory and SU(N C ) 
gauge theory. Orbifold projections give algorithms for 
constructing gauge theories which may be large N c equiv- 
alent. The idea is to start with a given 'parent' theory, 
and apply a projection based on some symmetry of the 
action. One then constructs a 'daughter' theory by dis- 
carding all the degrees of freedom that transform non- 
trivially under the chosen symmetry. Then one can show 
that under certain conditions [H |6], certain correlation 
functions coincide between the parent and daughter the- 
ories at leading order in N c to all orders in perturbation 
theory [4 . In particular these 'common sector' opera- 
tors include the mesons operators (i.e. gauge invariant 
quark bilinears) in the parent theory that are invariant 
under the chosen symmetry and their orbifold projections 
in the daughter. The necessary and sufficient conditions 
for these equivalences to hold non-perturbatively are not 
fully understood outside the context of gauge theories 
with fermions in two-index representations [B]. How- 



ever, it is understood that in order for an orbifold equiv- 
alence to hold the critical necessary condition is that the 
symmetry used in the projection must not be sponta- 
neously broken. 

It was recently pointed out that SU(N C ) and SO(2N c ) 
gauge theories with fundamental Dirac fermions are re- 
lated by an orbifold projection. The orbifold projection 
relating an SO(2N c ) with Nf flavors of Dirac fermions 
to an SU(N C ) gauge theory with Nt fermions, which is 
QCD, is based on the Z 2 symmetry defined by taking an 
element J £ SO(2N c ) given by J = 102® 1jv c , with 1 N is 
an N x N identity matrix, and uj — e l7r / 2 £ U(1)q. Here 
U(1)q is the quark number symmetry that acts on the 
quark fields as — > cj^. J generates a Z4 subgroup of 
SO(2N c ) and u> generates Z4 £ U(1)q, but since the ac- 
tion of J and tu on the SO gauge field and the fermion 
field * is 



An -> JAaJ T , * -> cj J*, 



(2) 



the combined action of J,u is a Z 2 symmetry. Some 
algebra shows that a projection of the SO(2N c ) theory 
based on this Z 2 gives SU(N C ) QCD as the daughter 
theory, with an equivalence expected in the 't Hooft large 
N c limit so long as the Z2 projection symmetry is not 
spontaneously broken[13l [15]. The key feature of this 
particular orbifold projection is that it can be applied in 
the presence of a quark number chemical potential in the 
SO(N c ) theory, and the result is an SU(N C ) theory with 
a quark-number chemical potential, and the latter theory 
is of obvious phenomenological interest. 

The key symmetry used in the orbifold projection is 
based on the quark number charge Z4 £ U(1)q. In 
SO(N c ) gauge theory we have two types of color sin- 
glet quark bilinears: 'mesons', of the form ^riP; and 'b- 
mesons' ^f T CT^f with T = 1,7 M , . . .. The b-mesons are 
charged under quark number and so are not in the com- 
mon sector. Therefore the orbifold equivalence is a corre- 
spondence between the mesons in SO(2N c ) and SU(N C ) 
gauge theories. This equivalence is expected to hold in 
the 't Hooft large N c limit so long as the Z4 £ U(1)q 
remains unbroken. In this paper we will mainly discuss 
the physics with fi — 0, where the Vafa-Witten[TS] theo- 
rem implies that U(1)q cannot break spontaneously, and 
hence the equivalence should hold. For general [i the 
story is more subtle and is discussed in [TTJ [T3] . 

In SU(N C ), 'quark number' and 'baryon number' are 
often used interchangeably, since the only states charged 
under quark number are the baryons, the interpolat- 
ing operators for which contain iV c quark fields con- 
tracted with a color-epsilon tensor. Hence at non-zero 
chemical potential, the daughter theory has a finite den- 
sity of baryons. It is therefore natural to ask if these 
baryons are related to operators in the SO(2N c ) the- 
ory. In the SO(2N c ) gauge theories, using 'quark num- 
ber' and 'baryon number' interchangeably would be un- 
fortunate, since there are the gauge-invariant 'b-meson' 
states composed of two valence quarks which carry quark 
number ±2. Similarly in an SO(2N c ) theory one can 
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obtain gauge-invariant states by contracting both quark 
and antiquark fields with the same epsilon tensor, since 
quarks and antiquarks transform the same way under 
color. Hence the quark number charge of baryons - 
that is, states whose interpolating operators involve ep- 
silon tensors — can be less than |2iV c |. 

There are therefore more baryon states in the SO(2N c ) 
gauge theory than in the SU(N C ) theory. By analogy 
with the meson case, we expect a subset of these baryons 
to correspond to those in the SU(N C ) theory. A natural 
candidate for such a 'common sector' baryon might be 
the baryon operator, B, composed entirely of quarks 

B = e ili2 ... i2N ¥^---¥™° (3) 

where ij are color indices, and flavor and spin indices are 
suppressed. In particular, for even N c this operator is 
neutral under Z 4 € U(1)q. 

However, if one actually applies the projection of 
Eq. ([2| in the standard way, B is annihilated. The rea- 
son is that this orbifold projection discards half of the 
color degrees of freedom, leaving only N c colors for the 
projected quark fields. The color sum involving the 2N C - 
index e tensor in Eq. ^ then gives zero, suggesting that 
baryons are never in the common sector. 

Standard large N c arguments suggest that this is a 
rather counter-intuitive conclusion. At large N c Wittcn's 
classic analysis showed that baryons can be interpreted 
as solitons of meson fields. Since the properties of the 
common-sector (neutral) mesons coincide in the two the- 
ories, one would expect to be able to construct a soli- 
ton of neutral mesons in SO gauge theory which should 
be identifiable with the SU baryon. Such considerations 
suggest that the direct application of the orbifold projec- 
tion recipe to operators which contain e tensors, such as 
B, may be misleading. 

As we discussed in the introduction, it appears that 
a major part of the difficulties with discussing baryons 
using this orbifold projection can be traced to the fact it 
relates theories with different numbers of colorful This 
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However, we have not found a way to use this point of view 
to clarify the issues with baryons, and hence will not discuss it 
further. 



was not a problem when discussing mesons and glueballs 
because those correlation functions have a trivial depen- 
dence on N c . Baryons, on the other hand, are made from 
N c quarks and so we can only expect to construct direct 
equivalences between theories with the same number of 
colors. It is therefore not surprising that a direct appli- 
cation of the orbifold equivalence is unsuccessful. 

III. LARGE N c EQUIVALENCE IN 
PERTURBATION THEORY 

Given the difficulties with a direct application of the 
standard orbifold prescription to baryon-sector opera- 
tors, we shall explore large N c equivalence between 
SU(N C ) and SO(N c ) theories by explicitly comparing 
Feynman diagrams in the two theories. Whilst pertur- 
bative proofs of the meson equivalence have been given 
beforejl], we first reproduce these results without refer- 
ence to the orbifold projection. We then show that this 
method allows us to successfully generalize the notion of 
the large iV c equivalence to incorporate baryons. 

A. Mesons 

Since our interest is in applying large N c equivalence 
to baryons, we will compare SO and SU gauge theories 
with the same number of colors. In the large N c limit 
the difference between SO(2N c ) and SO(N c ) is simply 
a scaling, and so we expect that planar equivalence for 
meson correlation functions should take the form 

(m(x 1 )...m(x n ))so(N c ),2X = (m(x 1 )...m(x n )) su(n c ),x 

(4) 

where the two gauge theories involved are SO(N c ) gauge 
theory with a YM coupling 2g 2 and SU(N C ) with cou- 
pling g 2 . 

The only difference in the evaluation of a Feynman 
diagram in SO and SU gauge theories comes from the 
traces over color indices. The color structure of the quark 
propagator and the interaction vertices agree in the two 
theories. The only difference is in the color structure of 
the propagators. A free gluon propagator can be written 
as 

(A i lxd {y)A k Utl {x))=D liV {x-y)Cf l (5) 

where D^ u (x — y) is a standard propagator for a massless 
vector field, and C is the color factor. 

In SU(N C ) gauge theory, C takes the form 

Cg = a(^-^<f/D (6) 

where a = 1/2. When N c is large, we can drop the second 
term, since it is subleading compared to the first term. 
Physically, this is simply the statement that at large N c 
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the difference between U (N c ) gauge theory and SU(N C ) 
gauge theory is l/iV| suppressed. The U(N C ) propaga- 
tor has the same coior structure as a quark-antiquark 
pair and so can be represented by an arrowed double line 
as shown in Fig. [I] The arrows, which are necessary be- 
cause the gauge group is complex, represent the direction 
of color flow. Any Feynman diagram can be redrawn in 
terms of double lines for gluon propagators and single 
lines for quark propagators, with a consistent flow of ar- 
rows. 

In SO(N c ) the color structure is: 

C# = §(<^*-*%) (7) 

with the same a. 

We see that the first term in the SO(N c ) propaga- 
tor has the same color structure as the propagator in 
the SU(N C ) theory, but there is also an additional term 
which we shall refer to as the 'twisted propagator'. In 
comparing SU(N C ) and SO(N c ) theories, it will be con- 
venient to introduce a somewhat unconventional double 
line notation for the SO(N c ) theory. Usually when dis- 
cussing SO(N c ) gauge theories, the gluon propagator is 
represented as a double line, a la 't Hooft, but without 
any arrows. This reflects the fact that the genus expan- 
sion for SO(N c ) includes non-orientable surfaces, and if 
one tried to keep track of color flow using arrows in the 
same way as in the SU(N C ) case, one would find that 
there are diagrams for which it is not possible to con- 
sistently assign a direction of color flow. However, it 
is possible to modify the double line notation such that 
the SO(N c ) diagrams also have a modified kind of arrow 
flow. Each end of the lines appearing in the double line 
notation is associated with a color index, with the lines 
connecting indices which are contracted via Kroenecker 
delta functions. In our notation for the SO(N c ) theory, 
the arrows on the double lines which indicate whether the 
external indices associate with each double line are raised 
or lowered, as shown in Fig. [T] A line emanating from an 
end associated with an upper index gets an arrow point- 
ing away from the end, while ends associated with lower 
indices have arrows pointing towards them. This is a 
useful notation, because all vertices and propagators ac- 
tually represent matrix multiplication, which can always 
be written in terms of raised and lowered indices, and so 
preserves this 'flow' of arrows. One can see that for the 
usual term in the propagator, this is the same flow as the 
color flow in SU(N C ). The twisted propagator couples 
two upper indices and two lower indices. Diagrammat- 
ically, it therefore flips the direction of the arrows and 
gives the crossed diagram in Fig. [I] As shall be made 
explicit shortly, this twisted contribution to the propa- 
gator is responsible for the introduction of non-orientable 
diagrams. 

Having established our notation we can now investigate 
the large N c equivalence between SO and SU theories. 
At large N c we need only consider Feynman diagrams 
that contain a single quark loop and internal gluons. The 
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FIG. 1. The double line notation for (a) SU(N C ) and (b) 
SO(N c ) 




FIG. 2. The first order diagrams contributing to a common- 
sector meson correlation function in (a) SU(N C ) and (b) 
SO(N c ). The second diagram in (b) is suppressed by a factor 
ofN c 

meson operator insertions lie on this quark loop. How- 
ever, from here on we require that these diagrams corre- 
spond to common-sector operators, which at the Feyn- 
man diagram level is simply the demand that a consistent 
flow of quark number can be assigned to the quark loop. 
Then the first order diagram for a common-sector meson 
correlation function is just a quark loop with a single in- 
ternal gluon, as shown in Fig. [2] In order to compare 
this process in SU(N C ) and SO(N c ) we simply insert the 
double line propagators onto the diagram such that there 
is a consistent flow of arrows at the vertices. We have two 
diagrams in SO(N c ) corresponding to the two terms in 
the propagator. We see that the first term reproduces the 
same planar diagram as in SU(N C ). The second term in 
the propagator corresponds to a non-orientable diagram 
which contains only one index loop and so is suppressed 
by a factor of N c . The only difference between the two 
theories in the large N c limit is the factor of two in the 
normalization of the propagator, which is precisely com- 
pensated for by the difference in the coupling constants. 

As was illustrated in our example the only double line 
diagrams that survive in the large N c limit are those 'pla- 
nar' diagrams where the gluons tile the quark loop. We 
wish to argue that the meson correlators match for all 
such planar diagrams. Before coming to the general ar- 
gument, it is instructive to first consider one further ex- 
ample - a quark bubble with an interaction mediated via 
the three-gluon vertex, illustrated in Fig. [3j The diagram 
contains 4 vertices, each bringing a factor of the coupling 
constant and three propagators. Therefore if one were to 
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FIG. 3. The three gluon interactions contains three gluon 
propagators and four coupling constants. This tells us that 
simply counting these factors is not enough to understand the 
orbifold equivalence 




FIG. 4. The three gluon vertex in the double line notation can 
come in two orientations. 



(a) 




make a tempting generalization from the preceding ex- 
ample and naively make the assumption that the use of 
the 'twisted propagator' in SO(N c ) only results in sub- 
leading diagrams, one would conclude that the ratio of 
the amplitude associated to Fig. [3] in the SO(N c ) theory 
to the amplitude in the SU{N C ) theory is 2 4 / 2 x2^ 3 = |, 
suggesting a mismatch. 

The resolution of this apparent paradox is that we can 
in fact use the twisted propagators to construct a second 
equivalent planar diagram. This is because in both the- 
ories, the three-gluon vertex corresponds not to one but 
to two vertices in the double line notation Fig. [4] These 
two vertices have different orientations - one has the same 
orientation as the external quark loop, the other, the 
'twisted vertex', has the opposite orientation, and comes 
with a relative minus sign. In SU(N C ) gauge theory we 
can only construct a planar diagram from the vertex that 
has the same orientation as the external loop, since oth- 
erwise we would not have a consistent flow of arrows. 

On the other hand, in the SO(N c ) gauge theory we 
can effectively reverse the orientation of a vertex by at- 
taching enough twisted propagators to it. In this way 
we can construct a second planar diagram which con- 
sists of the twisted vertex and three twisted propagators 
(Fig. [5). The minus signs in the propagators and the 
twisted vertex give a factor of (— 1) 3 (— 1) and so this di- 
agram is identical to the usual planar one. At large N c 
the ratio of any interaction in the two theories therefore 
has three contributions arising from the relative number 
of planar diagrams, the coupling constants and the prop- 
agators. For the three-gluon interaction the factors of 2 
combine so that there is an equivalence between the SO 
and SU theories, since the ratio of the diagrams becomes 
2 x 2 4 / 2 x 2~ 3 = 1. 

Now we can easily generalize the argument to all orders 
in perturbation theory, which at large N c means gener- 
alizing to all planar gluon tilings of the quark loop. A 
general diagram has V\ quark-gluon vertices, V3 three- 
gluon vertices and V4 four-gluon vertices, and N g gluon 
propagators. The ratio of the leading order diagrams in 
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FIG. 5. In SU(N C ) gauge theory we can only construct pla- 
nar diagrams from vertices that have the same orientation as 
the external quark loop, e.g. diagram (a). In SO(N c ) gauge 
theory we can use to the twisted propagators to also construct 
diagram (b), where the vertex has the opposite orientation. 



SO to SU will have a factor of 2 2 from the cou- 
pling constants. Whilst in SU(N C ) the orientation of any 
three or four gluon vertex is fixed by the external quark 
loop, we can construct a planar diagram from cither ori- 
entation in SO(N c ) by using the twisted propagators. 
The number of equivalent planar diagrams is therefore 
given by 2 Vi+Vi . Taking into account the factors from 
the propagators the overall ratio is therefore: 



SO 4V-4+3V3+V! N 

su = x 2 9 



(8) 



But of course each gluon propagator must start and end 
on a vertex, so 



2JV„=4V r 4 + 3V r 3 + Vi, 



(9) 



and we see that the ratio of leading order diagrams is al- 
ways unity. Thus we have established planar equivalence 
for common-sector mesons to all orders in perturbation 
theory, without invoking the idea of orbifold projections. 

B. Baryons at large N c 

In this section we generalize the large N c equivalence 
to baryon correlation functions. Just as in the meson 
case we expect large N c equivalence to apply to a sub- 
sector of the baryons in the SO(N c ) theory. Clearly we 
can only directly compare correlation functions that are 
gauge invariant in both theories, and therefore the nat- 
ural candidate for the common sector of SO(N c ) are the 
baryons with the quantum numbers of N c quarks (or N c 
antiquarks). We will first review the diagrammatics of 
these baryons in SU (N c ) gauge theory, before showing 
the equivalence with the common sector of the SO(N c ) 
theory. 

The discussion of baryons in the large N c limit is more 
complicated than the analysis of mesons. Since a baryon 
contains N c quarks, the diagrams one can draw in pertur- 
bation theory depend on iV c , and analyses of baryons in 
terms of Feynman diagrams at large N c are not straight- 
forward. Nevertheless, Witten showed in his seminal 
paper[2] that simple scaling relations do hold for baryons, 
which we now review. We will focus our attention on the 
simplest non-trivial observable involving baryons, which 
is the baryon two-point function. To keep things as sim- 
ple as possible, we will discuss the two-point function of 
the operator 

J(x) = ^(x)...^(x) = ^^...^^(z)...*'^), 

(10) 

where 'J is a single flavour Dirac field, the subscripts 
shown refer to color, and the Lorentz indices are sup- 
pressed. If one wants to include the Lorentz structure, 
then the simplest thing to consider is to take each iff 1 be 
drawn from the same spinor component of , 5. 

Despite the complications of counting, Witten showed 
that one can draw interesting conclusions by focusing on 
connected interactions involving m-quarks for m <C N c . 
The restriction to m <C N c would be justified if the 
fermions were heavy, since then A(toq) <C 1. If the 
quarks are light, considering only diagrams with m <C N c 
is not formally justified, but gives great qualitative in- 
sight. Finally, the restriction to the connected interac- 
tions is based on Witten's key insight that the baryon 
mass scales as N*, and as a result the disconnected in- 
teractions essentially exponentiate the connected ones. 

The first order interaction in perturbation theory cor- 
responds to two quarks in the baryon exchanging a gluon 
as shown in Fig. [6j It is simple to work out the color fac- 
tor. Using the U(N C ) propagator the only interaction 
corresponds to the two quarks exchanging color and so 
we simply get a factor of 1/N C introduced by the two 
vertices. However there are ^N C (N C — 1) pairs of quarks 
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FIG. 6. Two quarks inside a baryon in SU(N C ) gauge theory 
interact at first order by exchanging color. The diagram ~ 
N^ 1 but the number of ways of choosing the two quarks from 
the N c quarks making up the baryon, which scales as N% , 
means that the overall effect is ~ N c . 




FIG. 7. A three quark interaction in a baryon that scales as 
N~ 2 . At large N c there are quarks that can take part and 
so the overall effect also ~ N c . 

that can exchange the gluon and so the overall ampli- 
tude scales as A^, 1 . The interesting thing Witten noticed 
is that the same scaling holds for any leading order in- 
teraction with m <C N c . The leading order connected 
interactions between m quarks scale as iV c 1_m - for ex- 
ample Fig. [7] shows a three-quark interaction that scales 
as A^ 2 . However for m -C N c there is a combinatorial 
factor of ~ N™ which counts the number of choices of 
m quarks to participate in the interaction from the N c 
available quarks in the baryon. One therefore finds that 
the contribution of m-body diagrams to the baryon two- 
point function always scales as A^. 

As a consequence of these observations, Witten argued 
that there is a simple large N c limit for baryons which 
has the baryon mass scaling as N c . This scaling sug- 
gests that baryons can be viewed as solitons of the meson 
fields, since M B = l/A mcson , where A mcs0 n ~ l/N c is the 
quartic coupling constant of mesons at large N c . Since 
the common-sector mesons of SO(N c ) are equivalent to 
the mesons of SU(N C ) gauge theory, we might expect to 
be able to construct a soliton of common-sector mesons 
in SO(N c ) that would be identifiable with the SU(N C ) 
baryon. Standard large N c arguments therefore suggest 
that we should be able to find some equivalence between 
baryons. Following our approach to mesons, let us inves- 
tigate this statement by comparing the two-point func- 
tion of the baryon operator J(x) in the two theories using 
perturbation theory. 

At first order in perturbation theory we have two Feyn- 
man diagrams to consider. Firstly a single quark can 
emit and then reabsorb a gluon - a one-body interaction 
which is a contribution to the renormalized quark propa- 
gator. There are N c such diagrams, each of which scales 
as 0(1). In Fig. [8] we show the color structure of this 
interaction in the SO(N c ) theory. The diagram corre- 
sponding to the usual propagator agrees precisely with 




FIG. 8. At first order the renormalized quark propagator has 
two contributions in SO(N c ). The twisted propagator gives a 
term subleading in N c 

x-x-x 

FIG. 9. In SO(N c ) there are two ways quarks can interact at 
first order. However since the quarks inside a baryon always 
have different colors, this additional term plays no role. 



the one in the SU(N C ) theory, with the factors of 2 in 
the coupling constants and propagators canceling. The 
diagram containing the twisted propagator is suppressed 
by N c and so we have an agreement at leading order. 

Second, two quarks of different color can exchange a 
gluon, shown in Fig. [9] As we noted before in SU(N C ) 
this simply corresponds to them swapping color. Once 
more the first term in the SO(N c ) propagator reproduces 
this effect - the factors of 2 working out as before. The 
additional term in the propagator does not contribute at 
all - recall it has the color structure 6 Sji. At tree level 
this term is only relevant for two quarks of the same color, 
and so at first order it plays no role inside a baryon. 

There are two important observations we can make 
from this first order equivalence. First recall that the ef- 
fect of connected baryon interactions scales as N c . From 
our discussion of the renormalized propagator it is clear 
that there are going to be subleading corrections to these 
interactions that differ in the two theories. Therefore the 
statement of large N c equivalence for baryons must apply 
to connected m-quark interactions. A second observation 
is that it is crucial that we are considering interactions 
between quarks of different colors. For quarks of the 
same color the effects of the twisted propagator cannot 
be ignored, and the interactions would not agree in the 
two theories. 

That this result depends crucially on the baryon struc- 
ture, i.e. that the quarks have different colors, is non- 
trivial and suggests we should be able to generalize it 
to higher orders. To do this we need to show that con- 
nected m-quark interactions between m different colors 
will agree at leading order in N c . Given that the quarks 
have different colors, the key in showing this result at first 
order was that the factors of 2 in the propagator and 
the coupling constants cancel, which are the same fac- 
tors that were relevant for the meson equivalence. This 
suggests that the combinatorial factors discussed in the 
meson sector are also the key to realizing the large N c 
equivalence of baryons. 

That the combinatorics are in fact the same in both 
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FIG. 10. Leading order m body interactions for a baryon can 
be constructed by cutting planar diagrams on m index loops 
and inserting a different color on each. 



cases can be made explicit by using the fact that lead- 
ing order baryon interactions can be constructed from 
(common-sector) planar meson diagrams. The proce- 
dure, described in (for instance) [17] . is as follows. Any 
leading order connected interaction between m different 
colored quarks can be constructed by cutting a planar 
meson diagram on m different color index loops. One 
then inserts a different color index, for each of the quarks 
in the interaction, onto each broken loop. The resulting 
diagram is therefore a consistent color flow for m exter- 
nal quarks of different colors - i.e. a connected baryon 
interaction. Apart from the m broken loops, the diagram 
is the same as a planar meson diagram and so scales as 
N^~ m , which is the scaling of a leading order baryon dia- 
gram before multiplication by the baryonic combinatorial 
factor ~ N™. This process is illustrated for SU(N C ) di- 
agrams in Fig. [TO] 

All leading order baryon diagrams can be constructed 
in this way. The same argument can be used to construct 
the leading order baryon diagrams in SO(N c ). The key 
point is that since all leading order baryons diagrams can 
be viewed as being constructed from meson diagrams, the 
combinatoric factors in each given m-order interaction — 
i.e. the numbers of equivalent diagrams, propagators and 
coupling constants — are identical to the meson case. For 
example, consider the 3-quark interaction of Fig. [7] As 
in the meson case illustrated in Fig. [5] there are four 
factors of the coupling constant and 3 gluon propagators 
and so in order to get large N c equivalence we require 
that there are twice as many leading order diagrams in 
SO(N c ). However we know this to be the case because 
we can construct a baryon diagram from either of two 
meson diagrams appearing in Fig. [5] 



Thus we see that at the diagrammatic level we have a 
natural generalization of orbifold equivalence to baryons. 
In the meson case, we have a leading order equivalence 
between the common mesons. In the baryon sector the 
equivalence relates the SO(N c ) baryons with quark num- 
ber charge N c to the SU (N c ) baryons. We have just seen 
that the diagrams associated with these common-sector 
SO(N c ) baryons match to the equivalent ones for SU(N C ) 
baryons, in the sense that the connected diagrams con- 
tributing to the baryon two-point function agree at lead- 
ing order in iV c . The full two-point function can be inter- 
preted as exponentiating this contribution. In particular 
we therefore expect the baryon masses in the two theories 
to agree at leading order. 

In most of this paper we focus on a comparison be- 
tween the two-point functions of baryons in SU(N C ) and 
SO(N c ) gauge theories. The fact that agreement be- 
tween the two theories in the two-point baryon corre- 
lation function sector followed simply from the planar 
equivalence between SO(N c ) and SU(N C ) makes it ex- 
tremely plausible that the same should happen for the 
higher point functions. At first order in perturbation 
theory a baryon-baryon interaction will involve one quark 
from each baryon exchanging a gluon. One must make a 
choice of one quark from the iV c quarks from each baryon 
to take part in this interaction, and so the number of pos- 
sible diagrams scales as N%. The baryon-baryon interac- 
tion therefore scales as 0(N C ) just like the baryon mass. 
Most (~ N%) of these possible interactions involve quarks 
of different colors in the two baryons and therefore will 
agree between the two theories. Of course, there are also 
~ N c diagrams involving interactions between quarks of 
the same color, and these will not agree between the two 
theories, but these effects are l/N c suppressed. Clearly, 
we can make the same argument for any m-quark inter- 
action with to <C N c . Since these are the interactions we 
can identify as contributing to the leading 0(N C ) effect, 
this suggests that the large N c equivalence extends to 
baryon interactions as well, as is discussed from another 
perspective in the following section. 



C. Baryon equivalence on the hadronic level 

Standard large N c counting indicates that mesons con- 
tribute to the properties of baryons at leading order [15]. 
In particular the baryon two-point function involves 
leading-order corrections from meson loops, as illustrated 



in Fig. 11 whilst baryon-baryon scattering can be under- 
stood via the exchange of mesons. Due to the presence 
of b-mesons in the SO(N c ) theory one may worry that 
this raises some doubts about our conclusions based on 
perturbation theory. In this section we argue that for 
baryons with quark number N c the analogous processes 
involving b-mesons are suppressed at large N c . 

Let us start by briefly reviewing the large N c behav- 
ior of the baryon- meson coupling constant g m BB&\ hi 
SU(N C ) gauge theories. The fastest way to find the large 
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FIG. 11. Leading-order meson loop contribution to baryon 
propagator. 
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FIG. 12. One-meson-exchange contribution to baryon-baryon 
scattering amplitude 



N c scaling of g m B b is to consider the contribution of one 
meson exchange to the baryon-baryon scattering ampli- 
tude which is proportional to <?^ BB and is illustrated 
in Fig. 12 One-meson exchange between baryons can be 
thought of as an exchange of constituent quarks from one 
baryon to the other. It is important to recall that thanks 
to the Levi-Civita tensor involved in the color structure 
of baryons, each quark color occurs precisely once in a 
baryon. Hence if a quark with color c — for which there 
are N c choices — in one baryon is to be exchanged with 
one of the N c quarks in another baryon, the new quark 
must have the same color c. As a result, the one-meson- 
exchange diagram will scale as SmBB ~ ^'i an d as a 

1/2 

result we see that g m BB ~ N c . This is in sharp con- 
trast to the large N c scaling of meson-meson coupling 
constants, which are such that in purely mesonic pro- 
cesses, meson loops are suppressed at large N c . On the 



1/2 

other hand, the scaling g m g g ~ N c leads to the naively 
surprising fact that a class of meson loop diagrams con- 
tribute to baryon properties at leading order in the large 
N c limit. 

The argument for the large N c scaling of g m BB is ex- 
actly the same in an SO(N c ) gauge theory. However, the 
presence of b-mesons b in the SO(N c ) theory also allows 
a b-meson-baryon coupling constant. If it were to be the 
case that the b-meson-baryon coupling constant scales as 

1/2 

~ N c , one would worry that b- meson loops would con- 
tribute to baryon properties in SO theories, raising some 
doubts about the conclusions of the previous section. 

As we discussed previously, baryons in the SO(N c ) 
theory can be composed of a mixture of quarks and an- 
tiquarks - we shall label these operators as B q where q 
indicates the net quark number. Our equivalence pre- 
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FIG. 13. One-b-meson-exchange contribution to scattering 
amplitude of a baryon Bn with a Bn-2 baryon, with the sub- 
script indicating the quark number charge. 



diets that the correlation functions of baryons composed 
entirely of quarks, the Bn c operators, should match be- 
tween the SO(N c ) and SU(N C ) theories. The interac- 
tions we might be concerned about would involve b- 
meson loops dressing a Bm c propagator, or Bn c - Bn c 
interactions involving exchanges of an even number of 
b-mesons. Quark number conservation implies that a 
baryon with quark number charge N c which emits a b- 
meson with charge +2 must turn into a baryon with 
quark number charge N c — 2 (i.e. a baryon composed 
of N c — 1 quarks and an antiquark). Hence we denote 
the relevant coupling constant as gbB Nc B Nc - 2 - To under- 
stand the importance of these processes, the crucial issue 
is the large N c scaling of gbB Nc B Nc - 2 - 

To work out the large N c scaling of gbB Nc B Nc „ 2 i then, 
one can consider the one-b-meson exchange scattering 
amplitude of a -Bat c baryon and a Bn c -2 baryon, illus- 



trated in Fig. 13 As in the above argument for the scal- 
ing of gbBB, to find the scaling of gbB Nc B Nc ^ 2 it is suffi- 
cient to consider the scaling of the quark-exchange dia- 
gram. If we wish to constuct a diagram that can viewed 
as the exchange of a b-meson then we must have a net 
quark number flow. This means that the exchange must 
involve the antiquark in B/v c -2 and a quark of the same 
color from Bn c . There is therefore no combinatorial fac- 
tor of N c for the diagram. Hence gbB Nc B Nc - 2 ~ 1 at large 
N c , in contrast to g m B N Bjv > an d b-meson loops make 
subleading contributions to the properties of common- 
sector baryons. Futhermore we can also see to that two-b- 
meson exchange between common-sector baryons scales 
as 0(1), and so is suppressed relative to meson exchange. 
These considerations suggest that our large N c equiva- 
lence is consistent with the presence of b-mesons in the 
SO theory. 



IV. LARGE N c EQUIVALENCE IN 2D 

Having discussed how large N c equivalence for baryons 
works in perturbation theory, we now turn to study 
SO(N c ) and SU(N C ) gauge theories in two dimensions, 



where we can get some insight into the non-perturbative 
conditions for large N c equivalence to be valid. Two- 
dimensional QCD, often called the 't Hooft model, is dra- 
matically simpler than its higher-dimensional analogues 
because gauge fields can be made non-dynamical by a ju- 
dicious choice of gauge fixing conditions. In his original 
paper on large iV c baryons, Witten used this model to 
demonstrate the validity of his large N c counting away 
from the heavy quark limit [5] . We go through a very 
similar analysis in order to demonstrate the equivalence 
between baryons in SO(N c ) and SU(N C ) gauge theory. 

In Coulomb gauge Ai = 0, one can integrate out the 
gauge fields in two-dimensional large N c gauge theories 
with fcrmions, yielding theories of fermions interacting 
through a non-local four-fermion interaction (the color- 
Coulomb interaction) . The structure of the four-fermion 
interaction terms differs between the two theories thanks 
to the different color structures of the gluon propagators. 
Calling the four-fermion terms in the action Si, $2, we 
write the action for SO(N c ) gauge theory in the form 



Sso 



dxdt hFLW + Si + S 2 



(11) 



where D = fl + M, whilst the corresponding action for 
SU(N C ) gauge theory at large N c is 



S su = J dxdt + Si 



(12) 



Si 2 are defined as 



A 

'Nr. 



dxdydt (%"/°&)(x, tyVj-f&Xy, t)\x - y\ 



A 



5 1 = j^J dxdydt (^a Q ^)(x,t)^a°^)(y,t)\x - y\, 

and A has mass dimension —2 and is proportional to the 
't Hooft couplings in the SU(N C ) and SO(N c ) theories. 
For the SU(N C ) theory the parameter A = A, whilst for 
SO(N c ) it is 2A = A. Large N c equivalence therefore 
relates the actions Ssu and Sso with the same A. The 
key point in what will follow is that the interaction Si 
has the structure (^j^/ 4 )^^- 7 ') in color space whereas 

5 2 is of the form (^^X^F,-^,-). The extra term in S S o 
has the color structure of a b-meson-b-meson interaction 
and as a result we will be able to argue that it does not 
affect the properties of common-sector mesons at leading 
order. 

The standard trick to deal with four fermion interac- 
tions is to linearise them via the introduction of auxiliary 
fields. Following Witten we use a non-local version of this 
trick to linearise the action via the introduction of a me- 
son field m(x, y, t) ~ ^i(x, t)^ l (y, t) and a b-meson field 
b(x,y,t) ~ ^ t (x,t)^ i (y,t). Strictly speaking m and b 
should be introduced as a matrix of fields to represent 
the Dirac structure of the above interaction. However, 
carrying around the Dirac indices would clutter the pre- 
sentation without adding substantively to it, since the 
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crucial role is played by the color indices. Thus in what 
follows we we suppress the Dirac indices for simplicity; 
they are easy to restore should one wish to do so. 

Upon integrating in auxiliary fields, we get an equiv- 
alent but different-looking action to Eq. (11), which can 



where 



be (schematically, since the Lorentz structure is being 
suppressed) written as 

S S o = J dxdmDV + NcSiree + Sx + Ss (13) 

where 

Sfrcc = J dxdydt m(x, y, t)m* (x, y, t) + b{x, y,t)b* (x, y, t) , 

Sl WA / m(x, „, ,)*,(*, tmv. o VW^Vi + h,., 

The relevant action for 2D SU (N c ) QCD is the same but 
with the b-meson fields set to zero. 



A. 2D Meson equivalence 

Before moving on to baryons it is instructive to see 
how the familiar results of large N c equivalence are re- 
produced non-perturbatively in the 't Hooft model. Let 
us choose the simplest operator that will display orb- 
ifold equivalence - the renormalized quark propagator 
(#(»)*(0)). This can be calculated in the SO(N c ) gauge 
theory via the path integral 

(*(a;)*(0)> = Z- 1 J d[m]d[6]d[*]d[*] ( 

*(x)*(0)e lSso ) (14) 

After integrating over the fermions, i/)(x)ip(0) becomes 
replaced by the quark propagator in the background field 
D^ 1 (x,m,b). We also pick up a factor of the partition 
function of the fermions in the background fields m and 
b. In the SU(N C ) case with b — 0, this corresponds 
(schematically) to det^^p^+M ~ \fhm). However, since 
the b field couples to V ,T- J the result of the fermion in- 
tegration in the SO theory, with b ^ 0, is the Pfaffian 
Pi(CK) instead of the determinant det(D), with 



K = 



_ ( 7 M JV + M ~ VAm \fkb 

A6 t 7^ + M - \/Am 



(15) 



and C the charge conjugation matrix. Up to a sign, 
P{(CK) = (detif) 1 / 2 , and we can write Pi(CK) = 
exp(iTrlogi"Q. The fact that the original action is di- 
agonal in color space means that the color trace simply 
gives N c . Thus we are left with 

(#(x)*(0)) = /d[m]d[6]^- 1 (x,m,6)e lSrff(m ' fc) , (16) 



S%(m,b)=N G 



Trlog K(m, b) + S lree {m,b) 



(17) 



is the effective action on the meson fields. The key point 
is that having integrated out the fermions the only depen- 
dence on N c is the factor in front of effective action which 
we have explicitly shown. This means that it is now easy 
to find the large N c limit of the theory: for N c 3> 1 the 
integral can be evaluated by a saddle-point/stationary- 
phase approximation. There will exist some set of field 
configurations (m°,b°) that extremize S^g, correspond- 
ing to (possibly unstable, for some cases) phases of the 
theory. Given one particular extremizing configuration, 
to the leading order in the 1/N C expansion, the quark 
propagator in the associated phase can simply be evalu- 
ated in this background field: 



(*(x)*(0))so=D- 1 (x,m ,b°). 



(18) 



In order to have a large N c equivalence it is clear that 
we need the SO theory to have a stable saddle point of 
the form (m°,b°) = (m qcd ,0) where m qcd is the stable 
saddle points in the SU(N C ) theorj^j Since the b-meson 
field is charged under U(1)q and the effective action on 
this subspace is the same as in SU(N C ), we are guaran- 
teed that the above configuration will be an extremum 
point of S'eff, but we are not a priori guaranteed that it 
is a stable extremum. If the saddle point is stable the 
effective actions for the two theories coincide and there- 
fore so do the quark propagators to leading order in N c . 
We therefore have a large N c equivalence, provided that 
the relevant saddle point in the SO(N c ) theory is stable. 
However, the value of b-meson field at the saddle point 
represents its vacuum expectation value (to leading order 
in N c ). Consequently the question of the stability of this 
saddle point is equivalent to whether the U(1)q symme- 
try is 'spontaneously brokenJ^J In the U(1)q unbroken 
phase, the b-mesons cannot pick up a vacuum expecta- 
tion value by definition, and so the additional interaction 
in the SO theory does not renormalise the propagator 
at leading order in N c . For zero chemical potential, we 
expect that the symmetry will be preserved thanks to 
the Vafa-Witten theorem|16|. which forbids spontaneous 
breaking of vector-like symmetries such as U(1)q in the 
class of theories we consider here. Hence we expect that 
large N c equivalence will hold at zero chemical potential. 
If a U(1)q chemical potential is turned on, a detailed 



4 To keep things simple, this paragraph is written assuming that 
there is only one stable saddle point in e.g. the SU theory, but 
this need not be true. It is not hard to adjust the discussion to 
take into account the possibility that there are metastable phases 
in the two theories. 

5 Spontaneous symmetry breaking is strictly speaking impossible 
in 2D theories at finite JV C , but there is a sense in which sym- 
metry breaking becomes possible as N c — > oo in 2D theories, as 
explained in e.g. I19| . 
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analysis is necessary to determine the realization of the 
symmetry, and if necessary one can introduce deforma- 
tions to protect E/fl)n [TTHT51 . 

The effective action in p7[ ) allows one to explore the 
correlation functions of the m and b fields, since at large 
TV their dynamics are governed by fluctuations about the 
saddle point. If we absorb a factor of \fN~ c into the 
fields we can see that the p-field coupling constant in 
S c s scales as Nc P ^ '■ This is simply an explicit realiza- 
tion of the well known idea that confining large iV c gauge 
theories become weakly interacting theories of meson/b- 
meson fields. The above scaling ensures that to leading 
order in iV c we can evaluate the meson correlation func- 
tions using the tree level approximation to S c g. This 
tree-level argument was noted by Cherman and Tiburzi 
|13| as a heuristic explanation of how large N c equiva- 
lence works at the hadronic level. For example, if one 
considers anm + m — > m + m scattering amplitude, the 
leading order terms correspond to a contact interaction 
and tree-level intermediate meson exchanges due to the 
3-meson coupling. So long as U(1)q is conserved, charge 
conservation implies only common-sector mesons, which 
have zero U{1)q charge, can appear on internal legs in 
tree- level diagrams, and so b-mesons make no contribu- 
tion to these correlators at leading order. As shown by 
our construction of the above effective action, this is pre- 
cisely how orbifold equivalence is realised in the 't Hooft 
model. As we remarked above the meson coupling con- 
stants are the same in the SO(N c ) and SU(N C ) effective 
actions, and so orbifold equivalence is realized for these 
correlators so long as U(1)q is unbroken. 



B. 2D Baryon equivalence 

The path integral treatment we used in the last section 
can be repeated to analyse baryons. We now wish to 
evaluate the baryon two-point function: 



where 



(j\x)J(Q)) = Z- 1 I d[m}d[b}d[^}d[^}J ii {x)J(0)e' Sso , 

(19) 



where J is given in Eq. (|10j) . Once more we integrate out 
the fermions. Since the action is diagonal in the color 
indices J^(x) J(0) = tp^x) . . . ^{(x)-^ 1 ^) . . . t/j N -(0) be- 
comes replaced by {D^ 1 (x, m, &)) °, yielding 

(J t (s)J(0)) = Z- 1 f d[m]d[b]{D- 1 {x,m,b)) N ^e iS ^ m ^ 



The saddle-points of do not directly determine the 
baryon correlation functions because of the explicit N c 
dependence in the baryon operator J. However, following 
Witten [2], we can define a new effective action in the 
baryon sector: 

(J t (x)J(0)) = / d[m]d[b]e lN ^ (m > b ' x) 



S${(m, b, x) 



1 



\og(D~ 1 (x,m,b))+ 



Trlog M (m, b) + S bee (m,b) 



(20) 



For iV c > lwe can evaluate the baryon two-point func- 
tion as the saddle point approximation to S B S . Ignoring 
numerical factors, we find 



(jHx)j(o)) = z- 1 - 



det(d 2 Sf ff ) 



(21) 



where (m ,b ) are the coordinates of the saddle point 
and d 2 S B s is the matrix of second derivates of the ef- 
fective action at the saddle point. This term is neces- 
sary because it will not be cancelled by anything in the 
partition function. As Witten noticed this analysis re- 
produces the large N c counting we saw in perturbation 
theory. There is an order N c contribution to the baryon 
mass coming from the saddle point, and then order N° 
corrections corresponding to meson fluctuations about it. 

Since S B e still possesses a U(1)q symmetry there is 
once again a saddle-point configuration with b B — at 
which the effective action is the same as in SU(N C ) gauge 
theory. Expanding about this saddle-point corresponds 
to the baryon equivalence we saw in perturbation theory. 
Assuming the saddle point is stable, the agreement of 
the saddle-point action implies the baryon masses agree 
at leading order, but there will be discrepancies at order 
N° c . 

The question of the stability of the b B — saddle point 
is more subtle in the baryon case than in the meson case. 
To see whether the U(1)q symmetry is preserved at the 
baryon saddle-point, one would have to study the me- 
son and b-meson fluctuations around the baryon solution, 
and we leave a study of this to future work. It is conceiv- 
able that the b B = saddle point may be unstable even 
if the b M — saddle point is stable, since a baryon back- 
ground field affects the meson and b-meson spectrum. If 
that turns out to be the case, however, it is plausible 
that one could construct a deformed version of the the 
SO(N c ) theory to which the equivalence would apply by 
adding deformation terms to the action which protect the 
U(1)q symmetry and prevent b-meson condensation as 
was discussed in the 4D context in [11] [13] . 



V. CONCLUSIONS 

In this paper we have shown that baryons can be natu- 
rally incorporated into the framework of large N c equiva- 
lence provided one works with gauge theories of the same 
number of colors. In the meson sector large iV c equiva- 
lence takes the form of a leading order equivalence be- 
tween the correlation functions of the mesons common to 
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both SO(N c ) and SU(N C ). We showed that for common- 
sector correlation functions, the two theories match to all 
orders in perturbation theory, which was known previ- 
ously. The novel step in this paper is the generalization 
of this argument to the baryon sector, where we showed 
that the diagrams determining e.g. the masses of baryons 
agree to all orders in perturbation theory to leading order 
in the 1/N C expansion. For light quarks, the perturba- 
tive analysis is only meant to be suggestive, but for very 
heavy quarks the theory becomes weakly coupled since 
the relevant coupling becomes A(mg) -C 1, and hence 
perturbation theory becomes a reliable approximation. 
The all-orders agreement of the perturbative expansions 
of the two theories immediately implies that the recent 
calculation of the baryon mass in the large N c and heavy 
quark limits for SU(N C ) QCD described in also ap- 
plies to the SO(N c ) theory. 

To get some insight into the extent to which the im- 
plications of the perturbative arguments apply for light 
quarks, we analysed the non-perturbative conditions nec- 
essary for the equivalences to hold using the 't Hooft 
model. In two dimensions, the meson sector orbifold 
equivalence was shown to hold provided the quark num- 
ber symmetry U(1)q is unbroken at large N c . The re- 
alization of the U(1)q symmetry also turned out to be 
the critical issue for whether the equivalence holds in the 
baryon sector. 

There are many directions for future work. While we 
chose not to use it in our analysis here, it would be nice 
to find some way to adapt the machinery of orbifold pro- 
jections to the study of baryon-sector observables. This 
may allow one to understand the conditions for baryons 



to be in the common sector of large iV c equivalences in 
general, rather than checking it in particular cases, as 
we did here in the context of SO{N c )/ SU{N C ) equiva- 
lence. Another direction for future work is to do more 
detailed studies of the 't Hooft model, since 2D QCD-likc 
theories provide a uniquely tractable case where large N c 
equivalences can be explored non-perturbatively. Our ex- 
ploratory study already revealed that, reassuringly, the 
symmetry-realization conditions identified in E] as the 
necessary and sufficient conditions for large N c equiva- 
lence for theories with matter in two-index representa- 
tions play the same role in the theories discussed here, 
with matter in the fundamental representation. It is im- 
portant to develop techniques to check whether this con- 
tinues to be the case in higher dimension. In such cases 
analytic methods are not available for many observables 
of interest, but given the encouraging results we have ob- 
tained thus far, it would also be exciting to begin com- 
paring the physics of SU{N C ) and SO{N c ) theories using 
lattice Monte Carlo methods. 
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